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I. INTRODUCTION

Fractional calculus is a natural extension of the traditional calculus. In fact, since the beginning of the theory of differential
and integral calculus, several mathematicians have studied their ideas on the calculation of non-integer order derivatives
and integrals. However, the application of fractional derivatives and integrals has been scarce until recently. In the last
decade, fractional calculus are widely used in physics, mechanics, biology, electrical engineering, viscoelasticity, control
theory, economics, and other fields [1-12].

However, fractional calculus is different from ordinary calculus. The definition of fractional derivative is not unique.
Common definitions include Riemann Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-
Letnikov (G-L) fractional derivative and Jumarie’s modification of R-L fractional derivative [13-17]. Because Jumarie type
of R-L fractional derivative helps to avoid non-zero fractional derivative of constant function, it is easier to use this
definition to connect fractional calculus with classical calculus.

In this paper, based on the Jumarie’s modified R-L fractional calculus and a new multiplication of fractional analytic
functions, we use interval recurrence formula to solve the following two improper a-fractional integrals:

ol® 1 |[ Lng(sing (69))],

[r(a+1)Te]®

and

ol 1 | [ Lng(cos. (69))].

[r(a+1)Te]®
Where 0 < a < 1. Moreover, our result is a generalization of ordinary calculus result.
Il. PRELIMINARIES

At first, we introduce the fractional calculus used in this paper.

Definition 2.1 ([18]): Let 0 < @ <1, and 6, be a real number. The Jumarie’s modified Riemann-Liouville (R-L) a-
fractional derivative is defined by
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a 0 f(©)—-f(80)
(,6)1f (6)] = r(1 a) a6 76y (6-0)@ dt, (1)

And the Jumarie type of Riemann-Liouville a-fractional integral is defined by

6 f(t)
(901 ) f( ) F(O{) 90 (9 L‘)1 adt’ (2)

where T'( ) is the gamma function.
In the following, some properties of Jumarie type of R-L fractional derivative are introduced.

Proposition 2.2 ([19]): If a,B, 8,, c are real numbersand 8 = a > 0, then

(0,D8)[(6 = 00)F] = 202 (6 = 60)F ®)
and
(8,06)[c] = 0. (4)

Next, we introduce the definition of fractional analytic function.

Definition 2.3 ([20]): If 6, 6,, and a,, are real numbers for all n, 8, € (a,b), and 0 < a < 1. If the function f,: [a,b] - R

can be expressed as an a-fractional power series, i.e., f,(0%) = Yoo - (n'f:“) (6 — 6,)™* on some open interval containing

6, then we say that f,,(6%) is a-fractional analytic at x,. Furthermore, if f,: [a, b] = R is continuous on closed interval
[a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional analytic function
on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([21]): Let 0 < a <1, and 6, be a real number. If f,(6%) and g,(6%) are two «-fractional analytic
functions defined on an interval containing 6, ,

fa(0%) = B0 rmts (0 = 60)™, )
9a(0°) = Bt (0 = 00)™ (6)
Then we define
fa(0@)Bq 9o (6%)
= Sty 0 = 00" @ Titco pms (6 — 60)™
o n
= Zn:o l“(nolz+1) ( nm=0 (m) an—mbm) (9 - Qo)na' (7)
Equivalently,
Ja(0")®¢q g (0%)

1 1

= S0 2 (s 0 - 00%) " ®u Nito 2 (s (0 - 00) "

= Zn 0 ( m=0 (:rll) an—mbm) (F(a+1)( - 90) ) : (8)

Definition 2.5 ([22]): If 0 < « < 1,and £,(6%), g,(6%) are two a-fractional analytic functions defined on an interval
containing 6, ,

a\ _ oo an na _ Voo Aan 1 a ®q 7
fel0%) = Tt ot (0 = 00)" = T 2 (o (0 - 607) ©
a [oe] bn na
92(0) = Biorot (0 = 00" = %o 2 (20— 09)%) (10)
Page | 54

Research Publish Journals



https://www.researchpublish.com/
https://www.researchpublish.com/

International Journal of Mathematics and Physical Sciences Research 1SSN 2348-5736 (Online)
Vol. 11, Issue 1, pp: (53-58), Month: April 2023 - September 2023, Available at: www.researchpublish.com

The compositions of f,(6%) and g,(6%) are defined by

(f © 92) (0% = £u(92(89)) = Tizmo 22 (969", (11)
and
(Ga © f)(0D) = ga(fa(09)) = Tizo 22 (£(6)) ™. (12)
Definition 2.6 ([23]): Let 0 < a < 1. If f,(0%), g, (6%) are two a-fractional analytic functions satisfies
(fu° 9)(0°) = (ga © f) (0% = 1 0% (13)

Then £,(6%), g,(6%) are called inverse functions of each other.

Definition 2.7 ([24]): If 0 < a < 1, and @ is a real variable. The a-fractional exponential function is defined by

v gna v 1 1 « Qqn
Ee(6%) = Xn=o [(na+1) Ln=o n! (F(zx+1) 6 ) ' (14)

And the a-fractional logarithmic function Ln, (6%) is the inverse function of E,(6%). On the other hand, the a-fractional
cosine and sine function are defined as follows:

o v (_1)n92n¢z e (-)" 1 @ ®Rq2n
€055 (0%) = Y=o r2na+1) Ln=o zn)! (F(a+1) ) ' (15)
and
. o v (_1)n9(2n+1)a  ow (-Dn 1 « ®q (2n+1)
sing(9%) = Xaizo r(@n+a+1) Li=0 (2n+1)! (F(a+1) 0 ) ' (16)

Rqm

Definition 2.8 ([25]): Let 0 < a < 1, and £, (6%), g,(8%) be two a-fractional analytic functions. Then (£, (6%)) =

f2(0)®, -+ ®, fo(0%) is called the mth power of f,(6%). On the other hand, if f,(6%)®, 9,(0%) = 1, then g,(8%) is

called the ®,, reciprocal of £, (6%), and is denoted by (fa(e"‘))%(_l).

Definition 2.9 ([26]): The smallest positive real number T, such that E,(iT,) = 1, is called the period of E, (i6%).

Proposition 2.10 (interval recurrence formula) ([27]): If 0 < a <1, p,q are real numbers, f,(6%) is a a-fractional
analytic function, then

1

( plg)[fa(ga)] = ( Z’[‘?) [fa (F(a1+1) pa + I'(a+1) q“ - F(a1+1) 9“)] ’ (17)

I11. MAIN RESULTS

In this section, we use interval recurrence formula to solve two improper fractional integrals. At first, we need a lemma.

Lemma 3.1: Suppose that 0 < @ < 1, then

ol® o1 [ Lng(sing(69)] = of* o1 [ Lng(cos, (89))]. (18)
[r(a+1)-2|* [rea+1)-2]
Proof By interval recurrence formula,

ol® 1 [Lna(sina(ﬁ"‘))]

[r(a+1)Ta]*

— a i T_Dt _ 1 a
=1 ol 1 [Lna <sma (4 —F(a+1)9 ))]

[F(a+1)Te]*
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[F(a+1) ]“

Theorem 3.2: Assume that 0 < a < 1, then

( 0111 ) [Lna(sma(ga))] ( (! > [Ln“(cosa(ea))] 7;_“ Lna(2). (19)
I

[Fla+n)h [F(a+1): T“]

Proof

) [Lna (sina (9“))]

[r(a+1)- T"‘]

[Lna (sina (Zt“))]

Lna 2 sma(t“)®acosa(t“))]

(7

g G
).
{1

{4

[l"(a+1) g‘]

[Ln,(2)] + 2{( I )[Lna(sma(t“))] < I 1> [Lna(cosa(t“))]}
[F(a+1)2e [r(a+1)2e]®

|

[l"((x+1) «

)[Lna(Z) + Lng(sing(t9) + Lng(cos,(t9))]

( NG > [Lng(sing (t%)] +

[FCa+1)- T“]“

a Ta 1 a
([F((x+1)-T_"‘];[[F(a+1)-T“]a> [Lna <Cosa (4 Ta+1) : )>]
8

( ol® ) [Lng (sing (t%))] + \L
[r(a+1) T“]

I ng(sing (u* |
R T

[r(a+1)Te]® [Fa+1)le

=1 In,(2) + 24

=2 In,(2)+2

=" Ing(2) +2 [Lng(sing (69))]. (20)
[r(a+1) T“]
Therefore,
—| oI [Lng(sing (69))] = 2+ Ln,(2). (21)
[Fa+1)- T“]“
That is,
ol® [Lng(sing (69))] = ==+ Ln,(2).
[Fla+1)e ]“
By Lemma 3.1, the desired result holds. Q.ed.
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IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional calculus and a new multiplication of fractional analytic functions,
we use interval recurrence formula to solve two improper fractional integrals. In fact, our result is a generalization of
traditional calculus result. In the future, we will continue to use Jumarie type of R-L fractional calculus and a new
multiplication of fractional analytic functions to study the problems in fractional differential equations and engineering
mathematics.
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